An enhanced reduced model is proposed for elastic earthquake response analysis of a class of mono-symmetric shear building structures with constant eccentricity. The proposed 
Introduction
Lateral-torsional coupling in earthquake response of building structures with eccentricity is one of the key issues in the field of earthquake structural engineering (for example [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ). This is because such response has complicated properties and is difficult to tackle. Furthermore many earthquake damages have been reported for buildings with a fairly large eccentricity [17] . After a versatile research on this subject, some approaches have been introduced in the capacity spectrum method (for example [10] ). For high-rise buildings with eccentricity, the allowable design response is within an elastic limit due to their importance and safety margin. In this case, a huge amount of computer resources is necessary to compute the earthquake response for many candidate ground motions [18] . Furthermore, when structural engineers seek an optimal or better design in terms of structural member sizes or passive damper locations, a versatile sensitivity analysis is required to obtain the redesign directions [19] . A time-history response analysis may be required to assure the accuracy and reliability of the response evaluation. To reduce these computational costs, a sophisticated reduced model is desired. Although some reduced models have been proposed, it is difficult to guarantee the accuracy for a wide range of structural and earthquake input parameters.
An enhanced reduced model is proposed in this paper for elastic earthquake response analysis of a class of mono-symmetric shear building structures with constant eccentricity.
The proposed reduction method consists of two parts. The first stage is the construction of a reduced structural model with the degrees of freedom at representative floor levels only. In this stage, an inverse eigenmode-problem formulation [20] [21] [22] is used to guarantee the limited equivalence between the original model and the reduced model. More specifically, the reduced model is constructed so as to have the same fundamental natural frequency and the same lowest-mode component ratios at the representative floor levels as those of the original model. The second stage is the transformation of earthquake input forces into a set of reduced input forces. This transformation utilizes the static equivalence of lateral-torsional stiffness between these two models and is introduced to enhance the accuracy level of the reduced model.
Several reduction examples into one-mass and two-mass systems of a three-dimensional mono-symmetric ten-story shear building model with constant eccentricity throughout the stories are presented to demonstrate the validity and accuracy of the proposed reduction method for elastic earthquake response analysis. It is shown that the transformation of earthquake input forces into a set of reduced input forces is inevitable for accurate simulation of the earthquake response of the original model by the reduced structural model and the twomass system exhibits a higher accuracy than the one-mass system.
Reduced model of building structures with eccentricity

Model description
Consider a three-dimensional mono-symmetric shear building model as shown in Let i k and i K denote the x-directional story stiffness and rotational stiffness around the center of rigidity, respectively, in the i-th story. The eccentricity ratio is defined by
is the radius of gyration of stiffness. The y-directional story stiffness in the i-th story is denoted by
 and (1) h denote the mass matrix, the stiffness matrix, the damping matrix, the undamped fundamental natural circular frequency and the lowest-mode damping ratio of the shear building model in the x-directional lateral-torsional vibration. It is assumed that the damping matrix C is given by (1) (
Structural model reduction based on inverse eigenmode-problem formulation
While the reduction of the original structural system can be made into reduced models with any number of degrees of freedom, two examples of a one-mass system and a two-mass system are shown for simple and essential presentation of the proposed reduction method.
Transformation into one-mass system
Consider a one-mass system, as shown in Fig.1(a) , with the same mass 1 m and the mass moment of inertia 1 I as the total mass and the total mass moment of inertia of the original shear building model. The reduced mass is located at the top floor. The center of mass of the one-mass system exists at the center of the floor and the center of rigidity is located at the same point as the original model, i.e. 1 e e  .
Let 1 k , 1 K and 1 e denote the x-directional story stiffness, the rotational stiffness around the center of rigidity and the distance between the center of mass and the center of rigidity, respectively, of the one-mass reduced system. The x-directional displacement of the center of mass of the one-mass system and the angle of rotation of the floor are denoted by 1 x and 1  .
Then the governing equations of the undamped eigenvibration in the x-direction of the onemass system may be expressed by
 
 denote the lowest eigenmode and the undamped fundamental natural circular frequency of the one-mass reduced system. The lowest-mode vibration components of the one-mass system may be expressed in terms of
 by (1) (1) 1 1 (1) 1 1
( : arbitrary constant, : imaginary unit)
The translational and rotational accelerations of the center of mass corresponding to the lowest-mode vibration components can then be described by (1) (1)
Substitution of Eqs. (4) and (5) into Eqs. (2) and (3) provides
The inverse eigenmode-problem formulation [20] [21] [22] yields the following expression for the x-directional story stiffness and the rotational stiffness of the one-mass reduced system.
(1)
Let us introduce the following conditions on the limited equivalence of the original model and the one-mass reduced system, i.e. the equivalence of the undamped fundamental natural circular frequency and the lowest-mode component ratio.
(
Substitution of Eqs. (10) and (11) into Eqs. (8) and (9) leads to the solution of 1 k and 1 K to the inverse eigenmode problem.
(1 
Transformation into two-mass system
Consider a two-mass system, as shown in Fig.2 , with the masses 1 2 , m m and the mass moments of inertia 1 2 , I I reduced from the original shear building model. There are several possibilities. In this paper two floor levels (5-th and 10-th) are selected as the representative ones. Each set of the masses and the mass moments of inertia between the representative floor levels are summed up into the representative floor level just above them. Both centers of mass of the two-mass system exist at the center of the floor and the centers of rigidity are located at the same point as the original model, i.e. 1 2 e e e   .
Let 1 2 , k k and 1 2 , K K denote the x-directional story stiffnesses and the rotational stiffnesses around the center of rigidity of the two-mass reduced system, respectively. The xdirectional displacements of the centers of mass of the two-mass system and the angles of rotation of the floors are denoted by 1 2 , x x and 1 2 ,
The governing equations of undamped free vibration of the two-mass reduced model may be expressed as
 denote the lowest eigenmode and the undamped fundamental natural circular frequency of the two-mass reduced system. The lowest-mode vibration components of the two-mass reduced system may be expressed by (1) (1)
The translational and rotational accelerations of masses corresponding to the lowest-mode vibration components can then be described by (1) (1)
Substitution of Eqs. (18) and (19) into Eqs. (14)- (17) provides
The inverse eigenmode-problem formulation [20] [21] [22] as described for the one-mass reduced model yields the following expression for the x-directional story stiffnesses and the rotational stiffnesses around the center of rigidity of the two-mass reduced system.
As in the case of the one-mass reduced system, let us introduce the following conditions on the limited equivalence of the original model and the two-mass reduced system, i.e. the equivalence of the undamped fundamental natural circular frequency and the lowest-mode component ratios.
where B is an arbitrary constant. Substitution of Eqs. (28) and (29) into Eqs. (24)-(27) leads to the solution to the inverse eigenmode problem.
(1) (1) (1)
(1) 10 10
Limitations
The proposed procedure applies to elastic, mono-symmetric, shear type buildings, whose centers of mass and centers of rigidity are all on the same two vertical axes.
Extensions to more general models, e.g. setback building models, may be possible by introducing the inverse problem formulation for such models in place of Eqs. (12), (13) and
Eqs.(30)-(33)
. This extension will be shown elsewhere.
Reduction of earthquake input
It has been confirmed through extensive investigations that the structural reduction explained in the previous section is insufficient from the viewpoint of computational accuracy.
To compensate for this, a concept of reduction of earthquake input is introduced in this paper.
Consider an N-story shear building model. Let Fig.3 .
Let M , K , C and ( ) t x denote the mass matrix, the stiffness matrix, the damping matrix and the displacement vector of centers of mass of the reduced model. Consider the equations of motion of the reduced model subjected to a reduced input force ( ) t f at the centers of mass. Then the equations of motion of the reduced model may be described by
It is assumed here that the reduced earthquake input ( ) t f can be derived from the limited equivalence of the displacements of centers of mass at the representative floors in the case where the original model and the reduced model resist with the restoring force only. These assumptions and conditions are described by K once. This is not computationally demanding. Fig.4 shows the schematic diagram of the reduction process of earthquake input and the reduced earthquake input forces on the reduced model. Ont the other hand, Fig.5 illustrates the simple sum of earthquake input forces.
Since simple examples are useful for understanding of the proposed concept, a one-mass system and a two-mass system are dealt with in the following.
One-mass system
For this model, part of Eq.(38) can be expressed by
The transformation matrix T in Eq. (38) 
Two-mass system
The transformation matrix T in Eq.(38) for this model is described by 
Numerical examples
Consider a three-dimensional mono-symmetric ten-story shear building model, as shown in Fig.1(a) , with only x-directional constant eccentricity subjected to three representative ground motions (El Centro NS 1940, Taft EW 1952 and Hachinohe NS 1968). 
Based on the inverse eigenmode-problem formulation [20] [21] [22] , the x-directional story stiffnesses are determined by
where (1)  denotes the undamped fundamental natural circular frequency of the model in the case of no eccentricity. Equation (46) 
On the other hand, the damping matrix of the reduced model is given by
The damping ratio is assumed to be
0.02 h h  
. The Newmark- method (  =1/4) has been used and the time increment of numerical integration has been set as 0.002(s).
One-mass system
Consider first the reduction into a one-mass system. Table 2 presents the structural parameters of the one-mass reduced model. Table 3 illustrates the structural parameters of the two-mass reduced model. The natural periods of the original model, the two-mass reduced model and the one-mass reduced model are shown in Table 4 . It can be seen that, since the present paper deals with only the model with a common center of mass and a common center of rigidity throughout the stories, the natural periods of the reduced models coincide with those of the original model. Fig.10 shows the effective modal masses divided by the total mass of the original model. The effective modal masses larger than the fourth mode are omitted for the original model. Fig.11 illustrates the eigenmodes multiplied by the modal participation factors for the original model, the two-mass reduced model and the one-mass reduced model. A small difference can be seen and this problem is compensated by the introduction of the procedure of reduction of earthquake input. that the accuracy level of the two-mass system is higher than that of the one-mass system. Fig.16 indicates the comparison of displacements of the negative corner column (see Fig.1(b) ) among the ten-story original model, the two-mass reduced model under reduced earthquake input and the one-mass reduced model under reduced earthquake input for El Centro NS 1940. From Figs.14-16, it can be understood that the accuracy level of the twomass system is higher than that of the one-mass system as in Fig.13 . Table 5 , not only the actual responses but also the errors from the responses of the original model are presented. It can be observed that the two-mass reduced model can simulate the response of the original model more accurately than the one-mass reduced model for all of three representative ground motions except a few cases. 
Two-mass system
Results for three representative earthquake ground motions
Comparison in terms of modal responses
0.02
However, it should be remarked that the eigenmodes multiplied by the modal participation factors in the lowest-mode vibration of both models are different (see Fig.11 ) and the lowest modal response of the ten-story original model and that of the two-mass reduced model under reduced earthquake input are also different due to the difference of the eigenmodes multiplied by the modal participation factors (see Fig.11 ). This difference is reduced by introducing the concept of reduced earthquake input. As for the modal response in the second-mode vibration, the second natural frequencies, the second-mode damping ratios and the second eigenmode components at the top floor of both models also coincide perfectly in this model. However, the eigenmodes multiplied by the modal participation factors in the second mode of both models are different (see Fig.11 ) and the second modal response of the ten-story original model and that of the two-mass reduced model under reduced earthquake input are also different.
The angles of top-floor rotation in the lowest two modal responses are compared in at the top story is required, the top two floor levels should be selected as the representative floor levels. This issue has to be discussed in the future.
Various eccentricities and lateral-torsional stiffness ratios
In order to investigate the accuracy of the proposed reduction method for various eccentricities and lateral-torsional stiffness ratios, additional analysis has been conducted for El Centro NS 1940. There is no special difference from the accuracy for the model in Sections 4.1 and 4.2.
Application to model with non-proportional damping
In order to show that the proposed method can be applied to non-classically damped models, an example ten-story model is considered which includes passive viscous dampers with a constant damping coefficient only at the lower five stories. All the dampers are located at the center of mass and the damping coefficient is determined so that the approximate additional lowest-mode damping ratio attains 0.10. Table 8 shows the comparison of various responses among the ten-story original model, the one-mass reduced model under reduced earthquake input and the one-mass reduced model under simple earthquake input for El Centro NS 1940. It can be seen that, although the accuracy is reduced slightly, a reasonable response evaluation can be made
Conclusions
An enhanced reduced model is proposed for elastic earthquake response analysis of a class of mono-symmetric shear building structures with constant eccentricity. The principal results may be summarized as follows.
(1) The proposed reduction method consists of two parts. The first stage is the construction of a reduced structural model with the degrees of freedom at representative floor levels only.
In this stage, an inverse eigenmode-problem formulation is used to guarantee the equivalence of the undamped fundamental natural frequency and the lowest-mode component ratios at the representative floor levels between the original model and the reduced model. More specifically, the reduced model is constructed so as to have the same fundamental natural frequency and the same lowest-mode component ratios at the representative floor levels as those of the original model.
(2) The second stage is the transformation of earthquake input forces into a set of reduced input forces. This transformation utilizes the static equivalence of lateral-torsional stiffness between these two models and is introduced to enhance the accuracy level of the reduced model.
(3) Reduction examples of a three-dimensional mono-symmetric ten-story shear building model with constant eccentricity into a one-mass system and a two-mass system revealed that the proposed reduction method possesses a reasonable and acceptable accuracy and the two-mass system exhibits a higher accuracy than the one-mass system.
(4) It has been demonstrated numerically that the transformation of earthquake input forces into a set of reduced input forces is inevitable for accurate simulation of the earthquake response of the original model by the proposed reduced structural model.
(5) It has been shown that the proposed reduction method can be applied to non-classically damped models for which the classical normal mode decomposition is not possible.
Only the buildings with constant eccentricity throughout the stories have been treated in this paper for a simple presentation of a new model reduction method. It has been confirmed that this model reduction theory is applicable to more general buildings with irregular eccentricities, e.g. setback buildings. That theory will be presented in the future. Fig.16 Comparison of x-directional displacements of negative corner column (see Fig.1(b) ) among ten-story original model, two-mass reduced model under reduced earthquake input and one-mass reduced model under reduced earthquake input Fig.1(b) ) in the lowest two modal responses (d) x-directional displacement of top-story negative corner column (see Fig.1(b) ) in the lowest two modal responses
